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NADINE GROSSE 

Abstract. We prove the existence of a solution of the Yamabe equation on complete 
manifolds with finite volume and positive Yamabe invariant. In order to circumvent the 
standard methods on closed manifolds which heavily rely on global (compact) Sobolev 
embeddings we approximate the solution by eigenfunctions of certain conformal complete 
metrics. 

This also gives rise to a new proof of the well-known result for closed manifolds and 
positive Yamabe invariant. 



1. Introduction 

Yamabe examined whether a closed n-dimensional Riemannian manifold (M, g) (n > 3) 
possesses a metric ~g conformal to g with constant scalar curvature. His striking idea was the 
consideration of the so-called Yamabe invariant, see Definition [TJ which gave the possibility 
to view the question as a variational problem. Works from Aubin pQ, Schoen [lOj and 
Trudinger [14] answered the question of Yamabe affirmatively. 

There are several possibilities to generalize the Yamabe problem to open (i.e. noncompact 
and without boundary) manifolds. 

One possibility is simply to pose the same question as Yamabe did. On open manifolds, this 
gives much more freedom. We want to make this more precise by comparing to the closed 
case: 

On closed manifolds, if the Yamabe invariant Q is nonpositive, then every conformal metric 
having constant scalar curvature c and unit volume fulfills c = Q. In case that Q < this 
conformal metric is even unique. If Q > and there is a conformal metric with constant 
scalar curvature c, one see immediately that c > Q. But nevertheless, on closed manifolds 
in all cases a conformal metric with constant scalar curvature has the same sign as the 
corresponding Yamabe invariant. 

On open manifolds, this is no longer true, an easy example is given by an open ball in 
the Euclidean space. Its Yamabe invariant is the one of the standard sphere, but it carries 
conformal metrics of constant scalar curvature of all signs: The original Euclidean metric has 
zero scalar curvature, the spherical metric has constant positive and the hyperbolic metric 
has constant negative scalar curvature. But all those metrics are conformally equivalent. 
That's why the question is often posed more restrictively. A first possibility is to fix the sign 
of the constant scalar curvature and/or ask additionally for completeness. This was done 
by many authors and many results with positive and negative answers were obtained, see 
for example [2], [2], [15] . 
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The second is to stick to the original Yamabe problem and ask for solutions to the Euler- 
Lagrange equation of the Yamabe problem, i.e. unit volume metrics with constant scalar 
curvature Q. This version was studied for example for manifolds with bounded geometry 
and positive scalar curvature in [8] using a compact exhaustion of the open manifold and for 
manifolds bounded geometry and positive Yamabe invariant in [5] using weighted Sobolev 
embeddings. 

In this paper we consider the second type of a noncompact Yamabe problem on complete 
manifolds of finite volume. 

Let (M n ,g) be an n-dimensional complete connected Riemannian manifold of finite volume 
and n > 3. Let L g = a n A g + scal s be the conformal Laplacian where scal ff is the scalar 
curvature of the metric g and a n = 4^^. 

Definition 1. The Yamabe invariant of(M,g) is given by 



hi vL g vAYo\ g 

IN 12 



Q(M,g) = inf \Q g {v) := 

where p = and (M) denotes the set of compactly supported real valued functions on 
M. 



Q is conformally invariant which is seen from the conformal transformation formula of the 
conformal Laplacian: For ~g = f 2 g where / G C> (M) is a smooth positive real function on 
M we have 

L-g-v = f L g v where v = f ~v. 

The Yamabe invariant is given as a variational problem. Its Euler-Lagrange equation is 

L g v = Qv p - 1 veHl \\v\\ LP(g) = l. (1) 

The aim of this paper is to study the existence of a smooth positive solution of ([]} for 
complete manifolds of finite volume. 

The standard proof for the Yamabe problem on closed manifolds heavily relies on the exis- 
tence of compact Sobolev embeddings. On complete open manifolds of finite volume there 
do not even exist continuous Sobolev embeddings H\ ^ L p , [HI Lem. 3.2]. That's why we 
will use a different approach by approximating the desired solution by certain eigenfunctions 
of conformal metrics, cp. Section |3l 

In the standard proof on closed manifolds one uses the subcritical Yamabe problem to get 
solutions of differential equations that are somehow 'near' to the desired Euler-Lagrange 
equations. This allows to show converges of a sequence of those solutions which then serve 
as test functions for the critical problem. In our approach here the eigenfunctions will play 
the role of these subcritical solutions and we obtain 

Theorem 2. Let (M,g) be an open complete manifold of finite volume with < Q(M,g) < 
Q(M,g) and ||(scal s )_|| a < oo where (scal g )_ := — minjscal , 0}. 

Then, there exists a smooth positive solution v € U\ of L g v — Qv p ~ l with \\v\\Lv(g) = 1- 

Q(M, g) is the Yamabe invariant at infinity, see Definition|4j and replaces Q(S n ) that appears 
at this point in the closed case, cf. Remark [5j 

The non-existence of a continuous Sobolev embedding Hf L p has the following straight- 
forward implications: If Q > 0, scal g cannot be bounded from above. Moreover, if v is 
a solution as in Theorem [51 ~g = v™- 2 g is a metric with finite volume and constant scalar 
curvature and for all v £ C^°(M) ||w||ij>(5) < (max{a„, Q}) 2 \\v\\ H 2^gy Thus, g cannot be 
complete. 
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The method used to prove Theorem [2] also gives rise to a different proof for the closed case 
with positive Yamabe invariant, see Theorem [TU Moreover, the method can be adapted to 
similar contexts, e.g one can obtain similar results for the spinorial Yamabe invariant, cf. 

@. 

2. Preliminaries 
In this section we collect some facts on the Yamabe invariant. 

Remark 3. On complete manifolds instead of taking the infimum over in the definition 
of the Yamabe invariant [T] one could as well take the infimum over v £ L? D H? loc with 

J M vL g vdvolg < oo. This is seen when considering Q g (r)iv) for suitable cut-off functions 
rji with rn 1. 

Definition 4. [3] Let (M, g) be an open n- dimensional manifold with a compact exhaustion 
Ki fulfilling Ki C iCj+i £ M and Ui-fQ = M. Then the Yamabe invariant at infinity is 
defined as 

Q{M,g):=\xmQ{M\K h g). 

i— >oo 

Note that Q(M \ Ki,g) < Q(M \ K i+ i,g) since when considering only a subset less test 
functions can be used in Definition [TJ Together with Q(M, g) < Q(S n ) [11] where Q(S n ) = 
n(n—l)vo\(S n )~ is the Yamabe invariant of the sphere with the standard metric the sequence 
Q[M \ Ki,g) is monotonically increasing and bounded. Thus, Q always exists and it holds 
Q(M,g) < Q(S n ). Furthermore, Q does not depend on the choice of the sequence Ki. 

Remark 5. We note that the condition Q(M,g) < Q{S n ) in Theorem [2] replaces Q(M,g) < 
Q(S n ) that appears in the closed case. This can be seen since for p G M we have Q(M,g) = 
Q(M\{p},g) IUJ Lem. 2.1] and Q(M\{p},g) = lim^ Q(B e (p),g) = Q{S n ) where B e {p) 
is a ball around p with radius e. 

The blow-up argument in the standard proof of the Yamabe problem |12) which rules out 
concentration phenomena at a fixed point shows that for fixed x £ M Q(B e (x), g) — > 
,9e) = Q{S n ,g s t) as e — > 0. We will need the following slight generalization: 



Lemma 6. For all compact subsets U C M and S > there is an e = e(U, 5) > such that 
for all x £ U: Q(B e (x),g) > Q(S n ) - 5. 

Proof. Let U and S be fixed. Then for each x £ U let e(x) be the maximal radius such that 
Q(B € (x),g) > Q{S n ) — 6 is fulfilled. Set e = intxeu e(x). Suppose e = 0. Then there is a 
sequence x% £ U with e(xi) — > 0. Since U is compact, x, — ► x £ U . Note that on closed 
manifolds Q depends smoothly on g in the C 2 -topology O Proof of Prop. 7.2.]. Thus, 
e(xi) — > e(x) > which is a contradiction. Thus, e > 0. □ 

3. NONNEGATIVE YAMABE INVARIANTS AND THE L 2 -SPECTRUM 

On closed manifolds and if Q > 0, 



Q(M,g)=mf{(x(L w ) \ge[g}} 
where is the lowest eigenvalue of the conformal Laplacian L g and [g] :— {g — f 2 g \ f £ 

Cy (M)} denotes the conformal class of g. 

On general manifolds the spectrum of L g does not only contain eigenvalues but there can 
be residual and continuous spectrum. Moreover, in general L g is even not essentially self- 
adjoint. 
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We consider 

Im vL g vdvol g 



H{L g ) = inf • 



Ml? 



!i 2 (9) 

If L g is essentially self-adjoint, (J-(L g ) is the minimum of the spectrum of L g . 

Remark 7. If Q > and vol(M, g) = 1, then / M vL g vdvol g > Q||«||| > Q\\v\\%, i.e. fi(L g ) > 
Q and L ff is bounded from below. Then, L g is essentially self-adjoint on C£°(M), [T31 Thm. 
1.1] and possesses only eigenvalues and essential spectrum. Moreover, the spectrum is real. 

If it is clear from the context to which Riemannian manifold (M, g) we refer, we abbreviate 
ll-IU := |UU»( S ). 

Lemma 8. Let (M,g) be a Riemannian manifold with Q > 0. Then 
Q(M,g) = inf{/x(%) I 9 e [g],vo\{M,g) = 1}. 
If (M, g) has additionally unit volume, 

Q(M,g) — inf {fj,(Lg) \ g = f 2 g,vol(M,g) = 1, 3 a compact subset K[CM: f|M\K f = !}• 

If for a function / € C^ Q (M) such a compact subset Kf exists, we shortly say that / = 1 
near infinity. The proof of the first part is the same as in the closed case. But since we are 
not aware of a reference we shortly give the proof. 

Proof. Without loss of generality we can assume that g already has unit volume. Since 
Q > 0, J M vLgvdvolg > for all v € C C °°(M). 

From Remark[7]we have n(L-g) > Q{M, g) for all conformal metrics ~g G [g] with unit volume. 
On the other hand, let Vi G C^°(M) be a minimizing sequence for Q with ||i>j|| p = 1 

4 

and J M ViLgVidvolg -» Q. Set g { = (\\vi + 1 (v i + i^ 1 )) ™~ 2 g. Then, vol(M,0;) = 

Im (\\ v i+ i ~ 1 \\p 1 ( v i +^ 1 )) P dvol 5 = 1 (Note that \\vi + 1'% < \\vi\\ p + i~ l = I + is 
finite.). Moreover, 



\vi\\h (gi) = / (||^ + i - 1 ||; 1 (^ + i - 1 ))"- 2 ^ 2 dvoi 

JM 

> / (i + r 1 y^(v i + r 1 )^u l 2 dvoi g 

JM 



IM 

> (l + r 1 )-^ I vfdvoig = (1 



g 

M 



Hence, 



as i — > oo which finishes the proof of the first claim. 

Let now (M, g) be complete and of finite volume and Vi be the test sequence of above. Let Ki 
be a sequence of compact subsets with supp Uj C K^ The value ||^i||^2( g .) J M ViL gi Vidvol gi 
only depends on the metric gi on supp Vi. Thus, we can deform gi such that the conformal 
factor fi = 1 outside a compact subset Kf with Ki CC Kf. M, ffg = gi on Ki and 
vol(flg) 1. 

In particular, if g was complete, all those g are also complete. □ 
Next we study the Yamabe invariant if essential spectrum is present. 
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Lemma 9. Let (M,g) be a complete Riemannian manifold of unit volume. Let L g be 
essentially self-adjoint on C^°(M) and let the essential spectrum of L g be non-empty. Then 
Q(M,g) = Q(M,g)<0. 

Proof. Let // be in the essential spectrum of L g . Then there is a sequence Vi € C£°(M \ B,) 
where Bi a ball with radius i around a fixed point z G M such that \\(L g — \i)Vi^x — > 0, 
\\ViW2 — 1 and Vi — > weakly in L 2 . Then, using 1 = \\vi\\ 2 < ||i>i|| p vol(M \ and, thus, 
\\vi\\ p > 1 we estimate 

nrA , v o s <, Jm ^Vjdvolg ||£ g ^|| 2 |K|| 2 (||(L g -/i)^|| 2 + |^|)||n t |l 2 

Q(ivn ^- « Nil Nl 

< (||(L fl -^|| 2 + H)|ji,|| P vol(M\ g 0^ < (||(i9 _^ )vih + MWM^l 

\\ v i\\p 

where the right hand-side goes to zero as i — > 00. □ 
From that and Remark [7] it follows directly 

Corollary 10. If (M,g) is a complete Riemannian manifold of unit volume with Q(M,g) > 
or Q(M,g) > Q(M,g) — 0, there exists a sequence of gi — f 2 g with fi G C5° (M), 
Im fr^volg — 1 and eigenvalues /Uj := y>(L gi ) — > Q as i — > 00. 

4. Proof of Theorem [2] 

From Corollary [10] we have: If Q > 0, there exists a sequence of eigenfunctions iJ, with 
-kgi^i = HiVi and J M |z7i| 2 dvol ffi = 1. Vi is eigenfunction to the lowest eigenvalue /Uj of 
= / 2 g (/j = 1 near infinity) and, hence, positive. Viewing these equation w.r.t. the 
reference metric g we obtain the following setting 

LgVi = mfiVi \ f 2 v 2 dvol g = 1, / /f dvol g = I,//, \ Q, v, t > 0. 

JM JM 

Firstly we note that J M dvol 9j — J M f 2 v 2 dvol gi = 1 and fi = 1 outside a compact subset 
implies Vi G L 2 (g). 

Moreover, due to Remark [3] Vi can serve as a test function for Q and, thus, Q||ui||p < 
j AI ViL g Vidvol g — Hi. Since Q > G L p {g) and if then i — > 00, we obtain — > 1. 
Thus, Ui is uniformly bounded in L p (g) and, due to the finite volume, also in L 2 (g). 
From 



Mi = / WjLgWidvolg = OnlldUiHa + / scal ff u?dvol s 



>a n \\dVi\\i- / (scal fl )_<dvol s > a„||dw i ||^ - [|(scal 9 )_|| f |M| 2 

and the assumption that ||(scal fl )_||a < 00 we see that ||dvi|| 2 is also uniformly bounded. 
Summarizing Vi is uniformly bounded in H 2 and, hence, Vi — > v > weakly in .ff 2 and in 
L p . Moreover, J M /™dvol fl = 1 implies that there is / G L n such that / 2 — > / 2 weakly in 

Lemma 11. Let f 2 — > / 2 weakly in L2 and «j — > u weakly in Hf. 

i) TTien — > / 2 u in L S {U) for all compact subsets U C M and 1 < s < q = ^pj- 

ii) // additionally L g Vi = [iif 2 Vi and fij, —} Q, f and v weakly fulfill L g v — Qf 2 v. 
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Proof, i) We fix w £ L s " (U) with i + i = 1. Then 



(fiVi - f 2 v)wdvo\ 



< 



\f 2 - f 2 \ \vw\dvol g + / ff\ Vi - v\ \w\dvo\ 



The weak convergence Vi — > v in H 2 implies strong convergence m — > v on L p (U) for all 
1 < p' < p. We choose q 1 such that p > q' > ■ Then Holder inequality implies 



< oo 



L (»-»)«' -n ([/) 



if („_2) g q'- K < s*. The choice of g' implies p < ^ n J^ q ,_ n < oo and, thus, p < s* < oo and 
1 < s < q. 

Hence, J v \f 2 — f 2 \ \vw\dvol g — >■ as i — >■ oo. For the second summand of the above inequality 
we have 



/'k-«IMdvol g < \\vi-v\\ Lq > (u) \\f?w\\ 



Li-i ((7) 



< IK -«||jy(toll/*[[i»(toHI ^ w < IK -«Hiy (c/)lklU»(£/) 



L(»-2)9'-« ([/) 



— > as i — > oo. 



ii) Let u> € C* C °°(M). 



— Q/ 2 z;)wdvolc 



A I 



(L g v - L g v l + Hif 2 Vi - Qf 2 v)wdvolc 



A I 



< a n 



/ (dv — dvi)dwdvo\ g + / (v — Ui)(scal g w)dvol 
Jm Jm 



(fiVi - f 2 v)wdvo\c 



A I 



+ |Q-W| / / 2 |fw|dvol g 



A/ 



All summands on the right-hand side tend to zero as i — >• oo since i»i — > u weakly in iJ 2 



(note that scal g w £ C L ), part i) and fit Q. 



□ 



In order to finish the proof of Theorem [2] it remains to show that f 2 = v p 2 and \\v\\ p — 1. 
We start with a non- vanishing result. 

Lemma 12. In tte setting of Lemma \ll\ and assuming < Q(M,g) < Q(S n ), v does not 
vanish identically. 

Proof. We prove by contradiction and assume v = and, hence, J v vf dvo\ g — > for all 
compact subsets U C M and 1 < s < p. 

Firstly, we want to show that then also f v v P dvo\ g — > for all compact subsets U C M. For 
that, we assume the contrary, i.e. |K||i,p([/) > C(U) > and consider small balls B2 e (x) 
with x £ M. We choose e small enough such that for all x E U Q(B2 e (x)) > Q(M,g). Due 
to Q(S n ) > Q(M,g) and Lemma [6] this is always possible. Then we cover U by finitely 
many of those balls P>2e(x) and define smooth cut-off functions compactly supported in 
B>2e(x) that are 1 on B e (x) and |d7? e ,x| < 2e _1 . Then we estimate 
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Q(B 2e (x),g) < 



Jb 2e Ve,xViL g (r] eyX Vi)dvo\ g f i] 2 ^.ViLgV^volg + a n f |dry £i;c | 2 ^ 2 dvol fl 



(is 2e (») rt^dvolg) " (/ B2e {x) j]l x v\ dvol g 



/ Mi / Ba .(x) vUfvfdvolg + a n ^ J" } w 2 4 / (jb) w 2 dvol g 

< — — < Mi + a n^7 ~ 



dvol. 



/«.(*) w f dvol s 



< //j + a r , 



e 2 C(C/) 2 



B2«0) 



z; 2 dvol s 



where in the second last step we used the Holder inequality to estimate the summand 
including [ii. If i tends to oo, we obtain Q(B2 e (x), g) < Q which is a contradiction to 
Q(B 2e {x)) > Q. Thus, ||«i||i,p(c/) ^ as i y oo. 

Next, let xr be a smooth cut-off function with xr = on Br := Br{z) for a fixed z G M , 
Xr = 1 on M \ B 2R and |dxi? | < 2R~ 1 . Then 



= lim / ViLgVidvolg = lim / x^UiLg^dvoL + fjn / (1 - Xii)fi w i dvol c 



> lim 

> lim 

> lim 

1— >oo 

> lim 

> lim 

2— >oo 



X R ViL g Vidvo\g + fii I f 2 v 2 dvo\ g 



M 

XRViL g (xRVi)dvo\g - a n |dxij| 2 ^ 2 dvol g + m / / 2 w 2 dvol g 

M iM J Br 

Q(M \ B R ,g)\\xRVi\\l - -^IH| 2 l2(B2r) +nJ b ftvldvo]^ 

Q(M \ B R ,g)(\\ Vi \\ p ||(1 - Y fl k|| p ) 2 ^ ^\\vi\\l H B 2R ) +^J b f'vfdvolg^ 

Q(M \ B R , g) (Mp- ||«i||x-(B M )) 2 - "^INl!^) + Wjf ftfd™h) 



With ||wi||l s ((7) — >■ for 1 < s < p on compact subsets £/ C M, ||«»||p — > 1 and 

/fu 2 dvol 9 < H/ilUllwillip^) < \M 2 lp{Br) -> 
we obtain for all i? that 

Q(M,g)>Q(M\B R ,g). 
That contradicts Q > Q. Thus, t> ^ 0. □ 

Now we can estimate 

; M ^^dvoi 3 / M /vdvoi g ii/imi 2 

g " IN! 2 " y IHI 2 ~ Q IHI 2 

Hence, there is already equality. In particular, from the equality case in the used Holder 
inequality we get f 2 = v p ~ 2 and 1 = ||/|| n = |M| p . Smoothness of v is obtained by standard 
local elliptic regularity theory. By the maximum principle one sees that v is everywhere 
positive which concludes the proof of Theorem [SJ □ 
Standard local elliptic regularity also gives that v is locally in C 2 ' a . 
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Remark 13 (On the assumption on the scalar curvature). 

In Theorem [2] we assume that ||(scalg)_|| L .« ^ < oo. If the Yamabe invariant Q(g) = — oo, 
this could never be true. But in general it can happen that even though ||(scaJ. a )_||^^. = 
oo, Q is finite and even positive. The easiest example is the standard hyperbolic space 
H™ which has constant negative scalar curvature, infinite volume but the Yamabe invariant 
of the standard sphere. From this we can even easily construct an example with finite 
volume: Firstly, we note that ||(scal 5 )_|| L ^ , . is scale invariant. Let us take a ball B in the 
hyperbolic space with (Kscalg)-!^™ , . = 1 and then rescale it such that the rescaled ball 

Bi has volume i~ 2 . If we consider the disjoint sum of the Bi, we obtain an example for a 
(disconnected) Riemannian manifold of finite volume and ||(scal g )_|| L " ^ = oo. 
We assume that Q(g) — — oo if and only if || (scal g )_ \\ L * ^ = oo for all ~g £ [g]. But 
unfortunately we still cannot prove this. Even if this is true, this alone does not help in our 
context since we need a complete metric of finite volume with || (seal g ) _ || ^ < oo which 
probably cannot be achieved in general. 



5. On closed manifolds 

The method we used in Theorem [2] for complete manifolds of finite volume allows to reprove 
the result on closed manifolds with positive Yamabe invariant. 

Theorem 14. Let (M, g) be a closed n- dimensional Riemannian manifold with < Q < 
Q(S n ). Then, there is a smooth positive solution v S iff of the Yamabe equation ([T]). 

Proof. The proof in the closed case is essentially the same as the one presented in Section 01 
The only little difference occurs in the proof of Lemma [12] where the cut-off function \ R 1S 
introduced and Q is estimated. We make the following change - we take the smooth cut-off 
function r/ e introduced before in Lemma Then with the same estimate as in Lemma [T21 
where M\B e substitutes B 2 r and M \ B 2e replaces Br, we obtain 

Q > lim ( Q(B 2 e,g)(\\vi\\ p - |H|lp(m\s c )) 2 - -^INU 2 (M\B e ) +M» / fi ^dvol fl ] 

\ e JM\B 2e ) 

= QiB 2t ,g) 

For e small enough this gives a contradiction to Q(M) < Q(S n ) due to Lemma [Bj Thus, 
following the rest of the proof in Section @] we obtain that v is a smooth positive solution of 
L g v = Qv" 9 ^ 1 with = 1. Note that on closed manifolds the condition ||(scal ff )_||^, . < 
oo of Theorem [5] is trivially fulfilled. □ 
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